Introduction
Let X be an algebraic surface over an algebraically closed field k of characteristic p > 0. We denote by Φ X the formal Brauer group of X and by h = h(Φ X ) the height of Φ X . In a previous paper, [6] , we examined the structure of the stratification given by the height h in the moduli space of K3 surfaces, and we determined the cohomology class of each stratum. In this paper, we apply the methods of [6] to treat the case of abelian surfaces. In this case, the situation is more concrete, and so we can more easily determine the structure of the stratification given by the height h(Φ A ) in the moduli of abelian surfaces. For the local structure we refer to [19] .
On the moduli of principally polarized abelian varieties in positive characteristic there is another natural stratification, called the Ekedahl-Oort stratification, cf. [13] , and one can calculate the corresponding cycle classes [5] . Although our three strata coincide set-theoretically with strata of the Ekedahl-Oort stratification, there is a subtle difference: one of the strata comes with multiplicity 2.
We will here summarize our results. We consider the moduli stack M = A 2 of principally polarized abelian surfaces over k; alternatively, we can consider the moduli spaces M = A 2,n (n ≥ 3, p |n) of principally polarized abelian surfaces with level n-structure. We know that M is a 3-dimensional algebraic stack (variety). We let π : X → M be the universal family over M . We set M (h) := {s ∈ M : h(Φ Xs ) ≥ h}.
Note that M (3) = M (∞) . The moduli stack M possesses a natural compact-ificationM which is an example of a smooth toroidal compactification, cf. [3] or [1] . It carries a universal familyπ :X →M . We can extend in a natural way the loci M (h) to loci inM which are again denoted by M (h) . For h = 2, 3, we denote by M 
To prove these results, we use the characterization of the height of Φ A by the action of the Frobenius morphism on H 2 (W i (O A )) which was obtained in [6] (cf. Section 2). We also investigate the natural images of H 1 (A, B i ) and H 1 (A, Z i ) in H 1 (A, Ω 1 A ), which are related to the tangent space to M (h) . (For the case of K3 surface, see [17] .)
Comparing our results with those in [5] , we have the following relation between M (h) and M To examine the structure of abelian surfaces A, one usually employs the first cohomology group H 1 (A, O A ). Instead, in this paper, we mainly use H 2 (A, W i (O A )) and we will show that our techniques developed in [6] also work for the study of abelian surfaces.
Most part of this work was done in Max-Planck-Institut für Mathematik in Bonn. The authors would like to thank Max-Planck-Institut for excellent working conditions during their stay in 1998/99.
Preliminaries
Let X be a non-singular complete algebraic variety defined over an algebraically closed field k of characteristic p > 0. We denote by W n (O X ) the sheaf of Witt vectors of length n (cf. J.-P. Serre, [18] ). The sheaf W n (O X ) is a coherent sheaf of rings. Sometimes, we write W n instead of W n (O X ) for the sake of simplicity. We denote by F (resp. V , resp. R) the Frobenius map (resp. the Verschiebung, resp. the restriction map). They satisfy relations
The cohomology groups H i (X, W n (O X )) are finitely generated W n (k)-modules. The projective system {W n (O X ), R} n=1,2,... defines the cohomology group
This is a W (k)-module, but not necessarily a finitely generated W (k)module. The semi-linear operators F and V act on it with relations F V = V F = p. For any artinian local k-scheme S with residue field k, we consider the
Here G m is the multiplicative group of dimension 1 and cohomology isétale cohomology. This gives a contravariant functor Φ i X : Art → Ab from the category of artinian local k-schemes with residue field k to the category of abelian groups. This functor was introduced and investigated by Artin and Mazur [2] . They showed that the tangent space of Φ i X is given by
and proved the following crucial theorem.
If A is an abelian surface over k then Φ 1 A is isomorphic to the formal completion of the Picard scheme Pic 0 (A) of A, which is a formal Lie group. Moreover, we have H 3 (A, O A ) = 0 and H 2 (A, O A ) ∼ = k . Therefore, by a criterion of pro-representability in [2] , we know that Φ A = Φ 2 A is prorepresentable by a formal Lie group of dimension 1, which is called a formal Brauer group of A. One-dimensional formal groups are classified by their height h, which is a positive integer or h = ∞ for the case of the additive group.
Abelian Surfaces
For an abelian surface A, we denote by [p] A the homomorphism given by multiplication by p on A, and by Ker [p] A,red the reduced group scheme associated with the kernel Ker [p] A . The dimension of Ker [p] A,red over F p is called the p-rank of A, and we denote it by r(A). As is well known, we have 0 ≤ r(A) ≤ 2. Since any regular 1-form on an abelian surface is d-closed, the Cartier operator C acts on H 0 (A, Ω 1 A ). We have also a natural action of the Frobenius map on H 1 (A, O A ), which is dual to the Cartier operator C on H 0 (A, Ω 1 A ). The abelian surface A is said to be ordinary if r(A) = 2, which is equivalent to F (resp. C) being bijective on H 1 (A, O A ) (resp. H 0 (A, Ω 1 A )). Furthermore, A is said to be supersingular if A is isogenous to a product of two supersingular elliptic curves, which is equivalent to the effect that F (resp. C) is nilpotent on
Finally, A is said to be superspecial if A is isomorphic to a product of two supersingular elliptic curves, which is equivalent to F (resp. C) being the zero map on H 1 (A, O A ) (resp. H 0 (A, Ω 1 A )). The superspecial case can be characterized numerically by the a-number of A. Here a(A) = dim k Hom(α p , A) and we know • a = 0 ⇐⇒ r = 2,
• a ≥ 1 ⇐⇒ r ≤ 1,
For details on abelian surfaces, see [10] , [13] and [15] . The following lemma is well-known.
Lemma 3.1
The height h of the formal Brauer group Φ A of an abelian surface A is as follows:
A is ordinary, We shall need the following lemma.
Lemma 3.2 For an abelian surface A the following sequence is exact.
Proof By the exact sequence
we have the long exact sequence
Since the Picard scheme of A is reduced, all Bockstein operaters vanish by Mumford [11] , p. 196. The result follows from this fact.
Using this lemma and F V = V F , we have the following lemma.
The following theorem is an analogue of a result in [6] . 
is the zero map. In particular, we have the following characterization of the height:
Corollary 3.5 Let A be an abelian surface over k. Then A is supersingular if and only if the Frobenius endomorphism F :
Proof If the height is finite, then we know h ≤ 2 by Lemma 3.1. So this corollary follows from Theorem 3.4 and Lemma 3.1 .
maps surjectively to the corresponding step R h−1 V h−1 H of the filtration on H. Therefore, this corollary follows from
For an element ω ∈ H 2 (W (O A )), we denote byω the natural restriction of ω in H 2 (A, W i (O A )). The following corollary follows immediately from
is a p-linear isomorphism for any i. Therefore, using exact sequences in Lemma 3.2 we can inductively show that F : H 2 (W i ) → H 2 (W i ) is an isomorphism for any i.
If h = 2, then by Corollary 3.7 we have dim k Ker [F :
Using the notation in Corollary 3.7, we know that V i−1 R i−1ω is a basis of Ker F . Therefore, it is one-dimensional.
If h = ∞, then by Theorem 3.4, we see that Ker [F :
. Therefore, using Lemma 3.2 we get the result by induction.
Let A be an abelian surface and assume that F is zero on
This map is σ 2 -linear. The following theorem is clear by the construction.
Cohomology Groups of Abelian Surfaces
Let A be an abelian surface defined over k. We define sheaves
A,closed , the sheaf of d-closed forms and by setting
The sheaves B i and Z i can be viewed as locally free subsheaves of (F i ) * Ω 1 A on A (p i ) . The inverse Cartier operator gives rise to an isomorphism
We also have an exact sequence
Proof The h 0 -part of this lemma follows from the natural inclusion
and by considering the action of Cartier operator in each case. For the h 1part we now consider the map D i :
A of sheaves which was introduced by Serre in the following way:
Serre showed that this map is an additive homomorphism with D i+1 V = D i , and that this induces an injective map of sheaves
gives rise to the exact sequence
and Lemma 4.1 the statement about h 1 follows. As to the statement about h 2 , consider the exact sequence
and use χ(B i ) = 0. Then the result follows immediately.
The exact sequence
implies:
We also need the following lemma.
Lemma 4.4 Consider the natural inclusions
we have a diagram of exact sequences
¿From this diagram, we see that the natural homomorphism
is also surjective. Hence this lemma follows by induction.
Lemma 4.5 Assume that h ≥ 2, and that A is not superspecial. Then, ei-
the latter case occur if and only if the natural homomorphism
The result follows from this exact sequence.
Proof The diagram of exact sequences
gives rise to a diagram of exact sequences 
so that we can rewrite this as
where A ′ is the base change of A under Frobenius. We thus get two filtrations on the de Rham cohomology: the Hodge filtration
and the conjugate filtration
We have rank (F 1 ) = rank (G 2 ) = 5, rank (F 2 ) = rank (G 1 ) = 1 and
We have also
With respect to a suitable affine open covering U = {U i } i∈I of A, we have the following 2-cocycles which give a basis of H 1 (A, O A ) in each case.
Case (iii) A is supersingular and not superspecial.
{f ij }, {f p ij } such that {f p 2 ij } ∼ 0 and that {f p ij } is not cohomologous to zero. Therefore, there exists
. ω 1 = df i and ω 2 = dg i give linearly independent non-zero regular 1-forms on A. A non-zero regular 2-form on A is given by ω 1 ∧ ω 2 .
By the definition of cup product forČech cocycles, a basis of H 2 (A, O A ) is given by {f ij g jk } and the action of Frobenius map on H 2 (A, O A ) is given by {f ij g jk } → {f p ij g p jk }. Now we consider the Frobenius map on the de Rham cohomology H 2 dR (A). On F 1 the Frobenius map F is zero and so it induces a homomorphism
The image of F coincides with G 1 , and a basis of its image is given by ({f p ij g p jk }, 0, 0). We denote this element by α. The following lemma follows immediately from Ω 1
The following result can be found in [16] . We give here an elementary proof. Proof If A is ordinary, i.e., in Case (i), the Frobenius map on
Here, δ means the differential in the sense ofČech cocycles. Hence, α = (0, {g p ij ω 1 }, 0) in H 2 dR (A). If (0, {g p ij ω 1 }, 0) ∼ (0, 0, {Ω i }) ∈ F 2 , then there exists an element (0, 0,
, which contradicts Lemma 5.1. Therefore, α is not contained in F 2 . Hence, we have F 2 = G 1 in Case (ii). We can prove F 2 = G 1 for Case (iii) by the same way as in Case (ii). Now, we consider Case (iv). The calculation is completely parallel to Case (ii) until the equation (1) . We take the element γ = (0, {g i ω 1 }). Then, we have (0, {g p ij ω 1 }, 0) = δ(γ) + (0, 0, ω 1 ∧ ω 2 ) by g p ij = g j − g i . Therefore, we have α ∼ (0, 0, ω 1 ∧ ω 2 ) ∈ F 2 . Hence, we have F 2 = G 1 in this case. This completes the proof.
For an abelian surface A, we consider the natural inclusions
These inclusions induce homomorphisms
We denote by Im H 1 (B i ) and Im H 1 (Z i ), respectively, the images of these homomorphisms. In this section, we determine the image Im
For the proof of the following lemma, see [6] , Lemma 9.3. Proof This follows from H ℓ (A, dΩ 1 A ) = 0 for any ℓ, and the exact sequence
Lemma 6.3 Assume h = 2. Then the subspace Im H 1 (A, B i ) ⊂ H 1 (A, Ω 1 A ) has dimension 1 for any i ≥ 1. Moreover, we have Im H 1 (A, B i ) = k{g ij ω 1 }, using the notation in Section 5.
Proof We consider natural inclusions
Therefore, by Lemma 4.1, we see that dim Im ϕ i = 1. Hence, we have dim
On the other hand, we consider the natural homomorphism H 1 (A, B 1 ) → H 1 (A, Ω 1 A ). Using the notation in Section 5, we see, by Lemma 5.1 and {g p ij } ∼ {g ij }, that g p ij ω 1 = d(g p ij f i ) is a non-zero element of H 1 (A, B 1 ) whose image is not zero in H 1 (A, Ω 1 A ). Using natural homomorphisms
We now consider the homomorphisms
If a divisor D is algebraically equivalent to a divisor E, then there exists an element a of A such that T * a E ∼ D (linearly equivalent) with T a the translation by a. Since A is a complete variety, the linear representation of A is trivial. Therefore, A acts on H 1 (A, Z i ) trivially. Therefore, we have c A ) gives the usual Chern class. We denote by c dR 1 the Chern mapping N S(A) −→ H 2 dR (A). The following lemma is due to Ogus [16] .
Lemma 6.4 The abelian surface A is superspecial if and only if we have
Lemma 6.5 Assume that A is not a superspecial (resp. superspecial) abelian surface. Then the homomorphism c (n)
is injective for any n ≥ 0 (resp. n ≥ 1).
Proof Assume that A is not superspecial. It suffices to prove 
, which contradicts our assumption. Therefore, we have dω i = 0. Applying the Cartier operator to both sides, we have d log
If A is superspecial it suffices to prove that c
The proof is completely similar to the later part of the above proof.
. Then by the definition of de Rham cohomology, there exists ω i ∈ Γ(U i , Ω 1 A ) such that ω ij = ω j − ω i on U i ∩ U j and that dω i = 0. This means that α = 0 in H 1 (A, Z 1 ).
The following proposition follows from Lemmas 6.5 and 6.6. 
The Supersingular Case
If A is a supersingular abelian surface we denote by σ 0 the Artin-invariant of A. This is defined as σ 0 = ord p (∆), where ∆ is the discriminant of the intersection form , on N S(A). Then, σ 0 is equal to either 1 or 2. Moreover, A is superspecial if and only if σ 0 = 1. We denote by Im c 1 the subspace of H 1 (A, Ω 1 A ) generated by Im c 1 over k. Lemma 7.1 Assume that A is a superspecial abelian surface. Then
Proof For a superspecial abelian surface the endomorphism ring is M 2 (R) with R an order in a quaternion division algebra over Q. It follows that the rank of N S(A) equals 6. From σ 0 = 1 it follows that the image of c dR 1 has rank at least 5 in H 2 dR (A). Since Im c dR 1 ⊂ F 1 and dim F 1 = 5, we have Im c dR 1 = F 1 . Hence, the result follows from F 1 /F 2 ∼ = H 1 (A, Ω 1 A ).
Corollary 7.2 Assume
A is superspecial. Then the natural mapping
is surjective for i ≥ 1. In particular, for i ≥ 1 we have the equality
Proof By Lemma 4.4, it suffices to show this corollary for H 1 (A, Z 1 ) → H 1 (A, Ω 1 A ). We have Im c 1 = H 1 (A, Ω 1 A ) by the assumption, and Im c 1 ⊂ Im H 1 (A, Z 1 ). The result follows from these facts. Proof The first statement follows from Corollary 7.2 and Lemma 6.1. For the second, note that the exact sequence
Since we have Im c 1 = H 1 (A, Ω 1 A ), we have C(c (1) (N S(A) Proof We consider the exact sequence
By this exact sequence, we have an exact sequence
Lemma 7.5 If
A is a supersingular abelian surface which is not superspecial then dim Im H 1 (A, B 1 ) = 1. Moreover, we have Im H 1 (A, B 1 ) = k{f p ij ω 1 }, using the notation in Section 5.
Proof By Lemmas 7.4 and 6.1, we have dim Im H 1 (A, B 1 ) ≤ 1. Using the notation in Section 5, we have a non-zero element f p ij
A ) by Lemma 5.1. Therefore, we have dim Im H 1 (A, B 1 ) ≥ 1. Hence, we have dim Im H 1 (A, B 1 ) = 1. Proof The latter part follows from Lemma 7.4, dim Im H 1 (A, B 1 ) = 1 and Im H 1 (A, Z 1 ) ⊂ Im H 1 (A, B 1 ) ⊥ . The former part follows from the latter part and the exact sequence
Let A be a supersingular abelian surface, and let ℓ n be the smallest nonnegative integer ℓ such that there exist elements D 1 , . . . , D ℓ in N S(A)/pN S(A) with c (n) 1 (D 1 ), . . . , c (n) 1 (D ℓ ) linearly independent over F p and linearly dependent over k in H 1 (A, Z n ). Since we have, by Lemma 6.5, dim Fp c (D ℓ n+1 ) are linearly independent over F p , and such that
is a non-trivial linear relation over k. We may assume a 1 = 1. By the minimality of ℓ we see a i /a j / ∈ F p for any i, j, i = j. Applying the Cartier operater C to both sides in (2), we get (2), we get a nontrivial linear relation over k whose length is smaller than or equal to ℓ n+1 −1. Hence we have ℓ n+1 > ℓ n . Corollary 7.8 For a supersingular abelian surface A, there exists a integer n ≥ 2 such that the natural homomorphism
is injective.
Proof Since dim Fp N S(A)/pN S(A) = 6, we have ℓ n ≤ 6. Hence, by Lemma 7.7, there exists a positive integer n such that ℓ n = 0. Lemma 7.9 Assume that A is a supersingular abelian surface which is not superspecial. Let s be the smallest integer such that (4) is injective and let ϕ s t : H 1 (A, B t ) → H 1 (A, Z s ) be the homomorphism induced by the natural inclusion B t → Z s . Then Im ϕ s t ⊂ c 
is a non-trivial linear relation over k. We may assume a 1 = 1. Then, by the smallestness of ℓ s−1 , we see a i /a j / ∈ F p for any i, j, i = j. We apply the Cartier inverse to (5) and find
is not injective, a contradiction. Therefore, {dh ij } = 0 in H 1 (A, B 1 ) . We take the smallest such j. Then, we have j ≥ 2 as we showed above. We take an element α ∈ Im ϕ s j such that α / ∈ c 
is not surjective. Moreover, we have dim H 1 (A, Z i ) = i + 3 and dim Im H 1 (A, Z i ) = 3 for i ≥ 1.
Proof We take the smallest integer s such that (4) is injective. Since the images of N S(A)/pN S(A) ⊗ Fq k by C s and by the natural homomorphism from H 1 (A, Z s ) to H 1 (A, Ω 1 A ) coincide with each other, we have an exact sequence We summarize the results on the dimension of H j (Z i ) in the following table. The results about h 0 (Z i ) and h 2 (Z i ) follow from 7.2, 7.10 and the exact sequence 0 
The moduli space A 2 can be compactified in a canonical way to a compacti-ficationÃ 2 . This is a toroidal compactification, called the Delaunay-Voronoi compactification. It is a blow-up of the Satake-compactification due to Igusa, cf. also [3] . Alexeev gives a functorial description of it in [1] . The four strata in codimension 3, 2, 1 and 0 correspond to decompositions of the plane R 2 by triangles, by 4-gons, by infinite strips and by one big cell covering the whole space. The corresponding degenerations are copies of P 2 glued, copies of P 1 × P 1 glued, certain non-normal compactifications of a G m -bundle over an elliptic curve or honest abelian surfaces. We now first deal with the simplest type of degeneration, the so-called rank 1 degenerations, and these occur in codimension 1.
A rank-1 degeneration of an abelian surface is a non-normal surface obtained as follows. Start with a semi-abelian surface G, i.e. with a G mextension of an elliptic curve E
and consider the associated P 1 -bundle π :G → E. ThenG − G is a union of two sectionsG 0 ⊔G ∞ ofG over E. The extension class of (*) is an element e ∈Ê, the dual elliptic curve. The compactification X of G is obtained by glueing the zero sectionG 0 with the infinity sectionG ∞ by a translation over e ∈ E ∼ =Ê. We then haveG
The divisorG 0 + π −1 (0) defines a line bundleL onG which descends to a line bundle L on X with h 0 (L) = 1. This defines the principal polarization on X, cf. [12] . The surface thus constructed are the fibres of the universal familyX 2 overÃ 2 over the codimension 1 stratum in the boundary.
The surface X has h 1 (X, O X ) = 4, h 2 (X, O X ) = 1 and we can define a formal Brauer group Φ X associated to H 2 (X, O X ) as we did for abelian surfaces. This is a 1-dimensional formal group. The main result of this section is the following.
Proof One way of defining the formal Brauer group is as the functor which associates to each nilpotent (commutative quasi-projective)
cf. [20] . We now use the Leray spectral sequence for the normalization morphism f :G → X of X. We have
Because the fibres of f are zero-dimensional R 1 f * (F ) and R 2 f * (F ) vanish. The spectral sequence yields on level 2:
with A = R 0 f * (F ). We have an exact sequence on sheaves on X
Here F X = (1+O X ⊗N ) * and the sheaf B is concentrated on the non-normal locus S of X where the two sectionsG 0 andG ∞ are glued.
Let t e be the translation over e ∈ E. Then with
SinceG is ruled we have H 2 (G, FG) = 0, hence H 2 (X, A) = 0. The spectral sequence shows that H 1 (G, FG) ∼ = H 1 (X, A). In the long exact sequence
the map H 1 (F X ) → H 1 (A) can be identified with the map H 1 (X, F X ) → H 1 (G, FG). Since the formal group Φ 1 X fits into an extension
We can do something similar for rank-2 degenerations of abelian surfaces. Then the formal group that we get is a multiplicative groupĜ m . The loci M (h) thus can be extended to the compactificationÃ 2 . We can also consider cohomology with coefficients in W i (O X ) for such degenerate surfaces. The results we obtain are similar. Thus we can extend the loci M (h) F to the compactification.
The considerations on differential forms using the sheaves Ω 1 , B i and Z i can be extended to degenerate surfaces X by replacing differential forms by differential forms with log poles along the divisor of non-normal points on X.
The Classes of the Loci of Given Height
Let A 2 (or A 2,n with n ≥ 3, p |n) be the moduli stack (or fine moduli space) of principally polarized abelian surfaces (with level n-structure) and let π : X → A 2 be the universal family of principally polarized abelian surfaces. We know that A 2 (resp. A 2,n ) is a 3-dimensional algebraic stack (resp. variety) which has a natural compactificationÃ 2 (resp. A 2,n ), see e.g. [1] . It possesses a universal familyπ :X →Ã 2 (resp.Ã 2,n ). We setM =Ã 2 (orM =Ã 2,n ) and we denote by v the class of the coherent sheaf R 0 π * Ω 2X /M in the Chow group CH 1 Q (M ). We set M (h) := {s ∈M : h(X s ) ≥ h}.
Then, as is well-known, M (h) is an algebraic subvariety (maybe reducible), and is of codimension h − 1 inÃ 2 for h = 1, 2, and of codimension 2 inÃ 2 for h = ∞. Moreover, M (∞) is contained in A 2 (or A 2,n ). The direct image sheaves R 2 π * W i (OX ) are coherent W i (OM ) sheaves. Note that these sheaves are not OM -modules if i ≥ 2. We denote by M is given by the support of the cokernel of F : R 2π * OX → R 2π * OX . Since F is a p-th linear mapping, it follows that M (2) F = (p − 1)v. By the same method as we used in van der Geer and Katsura [6] or as in Ogus [16] we see that the tangent space of a point x = (A 0 , D 0 ) ∈ M such that A 0 is a nonsuperspecial abelian surface. We denote by S the formal scheme around x in M (2) F , and we denote by X → S the family which is obtained by the restriction ofπ :X →M to S. Then, the Frobenius mapping F is zero on H 2 (X, O X/S ). We denote by ∇ the Gauss-Manin connection of H 2 dR (X/S). We consider the Hodge filtration 0 ⊂ F 2 ⊂ F 1 ⊂ H 2 dR (X/S), and construct, in the same way as in Section 8 in van der Geer and Katsura [6] , the homomorphism Φ 2 : H 2 (O X/S ) → H 2 dR (X/S). We take a basis ω of H 0 (Ω 1 X/S ) and take the dual basis ζ of H 2 (O X/S ). We take a liftingζ ∈ H 2 dR (X/S) of ζ. Then we have ζ , ω = 1. We set g h = Φ h (ζ), ω .
Since Φ h (ζ) − g hζ is orthogonal to ω, Φ h (ζ) − g hζ is contained in F 1 . Therefore, using the natural isomorphism H 2 dR /F 1 ∼ = H 2 (X, O X ), we conclude that φ h (ζ) = g h ζ in H 2 (X, O X ).
This means that g h = 0 gives the scheme theoretic zero-locus M 
F ). Hence, as in van der Geer and Katsura [6] , using the projection formula, we complete the proof.
By Ekedahl and van der Geer (cf. [5] ), we have M (2) = (p − 1)λ 1 and M (∞) = (p − 1)(p 2 − 1)λ 2 in the Chow ring CH * Q (M ). Here λ i for i = 1, 2 are the Chern classes of the Hodge bundle E = R 0 π * Ω 1X /M , [4, 5] . We know the relation λ 
